This paper studies a linear thermoelastic material which exhibits a constitutive equation for heat flux with memory. An approximated theory of thermodynamics is developed for this model and a maximal pseudo free energy is explicitly constructed in the frequency domain. This thermodynamic potential is used to prove stability and domain of dependence results.
INTRODUCTION
In this paper we consider the homogeneous three-dimensional thermoelastic system; the main difference with respect to the classic theory and our model is that, in the constitutive equations, the heat flux appears as a functional with long memory. This fact turns the system into a hyperbolic one and not the usual hyperbolic᎐parabolic coupled system. This model is physically reasonable but the standard hyperbolic theory cannot be applied directly. For this reason we study this topic here. We are interested in showing typical properties of the hyperbolic system, like Domain of dependence and asymptotic stability of the solution. To do this we look for the maximal pseudo free energy potential. We may construct it by applying the first and the second laws of the thermodynamic to the corresponding w x w x constitutive equations together with the results in 1 and 2 . With this pseudo free energy we are able to show the Domain of dependence inequality.
Concerning asymptotic behavior, as in the classic theory, dissipation plays an important role in the uniform rate of decay. That is, the heat dissipation is able to produce a uniform rate of decay only in the one-dimensional case. For three-dimensional bodies, uniform rate of decay is not Ž w x. expected see Rivera 3 . However, the known methods used to show uniform rates of decay in classic thermoelasticity cannot be applied in our case. So, a new asymptotic technique has to be devised. Our method explores the weak dissipative properties given by the memory effect to show asymptotical stability provided the kernel satisfies the thermodynamic condition that its half range cosine Fourier transform is positive definite.
LINEAR THERMOELASTICITY AND LAWS OF THERMODYNAMICS
Consider a thermoelastic homogeneous material whose material points are labelled by their position in a suitable reference configuration ⍀ which is a bounded and regular region of the euclidean three-dimensional space ‫ޒ‬ 3 , with smooth boundary Ѩ ⍀. Under hypotheses of small deformations and small variations of the temperature with respect to the given reference configuration, and in the presence of memory effects for the heat flux, the constitutive equations for the stress tensor T, the rate at which heat is adsorbed for a unit of volume h and the heat flux q, are assumed, within a linear approximate theory, of the type Ž .
Ž . Ž . Ž . where the constant ⌰ is the absolute reference temperature, s ⌰ y ⌰ 0 0 t Ž . Ž . the relative temperature, g its gradient and g s s g t y s the history of g up to time t, while u is the displacement vector, E s sym ٌu the infinitesimal strain tensor, L s ٌu the velocity gradient, and the masṡ 0 density. Moreover, the elastic tensor C is a symmetric and positive definite fourth-order tensor, the stress᎐temperature tensors M, B, are second-order tensors, and M is symmetric, c is the heat capacity, and the thermal . and the thermokinetic process of duration d g ‫ޒ‬ is a map P: As a corollary of Theorem 2.2 we have
at any time t where P is continuous.
Ž . Ž . The relations 2.7 and 2.10 , which describe the First and the Second Laws in differential form, give
We note that 1r ⌰ q ( ⌰ y 2 r⌰ so that
Ž . and substitution in 2.8 yields 2.9 .
by introducing the pseudo free energy ⌿: ⌺ ; ⌺ ª ‫,ޒ‬ defined by 0 ⌿ s e y ⌰ ,
Remark 2.1. It is worth remarking that in general, for materials with memory, the function entropy is not uniquely determined even after a normalization process, so that also the potential ⌿ is not uniquely determined. DEFINITION 2.2. We call maximal pseudo free energy the potential ⌿ M Ž . which satisfies 2.12 as an equality, viz., 1
Ž .
for every admissible process.
THERMODYNAMIC RESTRICTIONS AND FREE ENERGIES
In this section we derive the restrictions placed by the thermodynamic principles on B, M, k and apply some recent results on thermodynamic Žw x w x. potentials 1 and 2 which allow us to give as explicit representation of ⌿ .
M
We assume that the conductivity tensor k has first and second derivative 1 
In order to obtain the restrictions placed on the constitutive equations Ž . Ž . by the First and Second laws, we observe that 2.6 and 2.9 yield 
The following stronger assumptions on the relaxation function k are assumed to hold After these preliminary statements we can prove the main result of this section.
The symmetry of C and k with 3.13 give
Ž . Ž . Ž . Ž . Ž . and equality 2.13 follows from 3.4 , 2.1 , 2.2 , and 3.12 . This estab-1 lishes the first assertion. Ž . Ž . Ž . Ž . In order to prove 3.14 , it follows from 3.12 , 3.10 , 3.9 , and Holder's inequality that 
with ␤, ␥ ) 0. Now it is possible to choose ␣, ␤, ␥ , and such that
After short calculations, we have that is a root of the equation
The smaller root of 3.20 is given by 3.15 . With this choice of , 3.19 Ž . yields 3.14 .
DOMAIN OF DEPENDENCE INEQUALITY
This section is devoted to the statement and the proof of the domain of dependence inequality for the solutions of the dynamic thermoelastic problem.
The fundamental system of the linear theory of thermoelasticity in the
where f is the body force and r the heat source. Introducing the constitu-Ž . Ž . Ž . tive relations 2.1 , 2.2 , and 2.3 and using the symmetry of C, B, and Ž . 3.4 , we obtain the coupled system of linear thermoelastic equations u x, t s ٌ и Cٌu x, t y B x, t q f x, t , 4.1 4.4 Ž .
with n the unit normal on Ѩ ⍀ and Ѩ ⍀ fixed subset of Ѩ ⍀ such that Ž .
In order to give a compact definition of solution of the mixed initial boundary problem which includes all kinds of boundary conditions defined Ž . in 4.4 , we introduce the following spaces: 
Let x be a fixed point in ⍀, for x g ⍀, a ) 0, and t -T. We define 0 < < x, t s x y x y a y T y t Ž .
Ž .
␦ 0 ϱ Ž .
X with g C ‫ޒ‬ , -0, and
By substituting in 4.8 and using 3.14 we obtain 
ASYMPTOTIC BEHAVIOR OF THE SOLUTION FOR THE UNIDIMENSIONAL MODEL
In this section we study the asymptotic behavior of the solution for the Ž .
unidimensional linear thermoelastic system in the domain Q s 0, l l = R q with a particular choice of boundary conditions. The one-dimensional system can be written
For these boundary conditions, the functional spaces become
for every pair w, ␤ g V V ‫ޒ‬ , 0, l l .
For simplicity, we limit ourselves to the case of zero initial data, and show how the result can be easily extended to the general case. 4 If the w, g C ‫ޒ‬ , H H 0, l l and w x, t s x, t s 0 for every t ) t , satisfies a problem 0 Ž . Ž . formally equal to 5.1 , where it is possible to choose w, so as to have zero initial data, sources initially equal to zero, and
Ž . initial data are zero, Plancherel's theorem applied to 5.2 yields Ž . 
The hypotheses on the constitutive equations lead to the following esti-Ž . mate for the solution of 5.4 .
following inequality holds:
with A A and B B suitable functions of .
Proof. We pose
Let / 0, and u и, , и, g H H 0, l l a solution of 5.4 , then thê following relations hold:
Ž .ˆˆ0
Ž . The imaginary part of 5.6 yields 02 : ² : Ž .
Ž . 
c ŝ2
:
Ž . Ž . Ž .
. Ž . 
has one and only one weak solution u, g H H ‫ޒ‬ , 0, l l . To study the asymptotic behavior, we define the energy functions as 
Using the inequality From the definition of¨this means that u decays exponentially. The proof is now complete.
